Abstract. The correlation of graph characteristics such as the number of independent vertex or edge subsets, the number of connected subsets or the sum of distances, which also play a role in combinatorial chemistry, is studied by a generating function approach and asymptotic analysis. It is shown how an asymptotic formula for the correlation coefficient can be obtained when simply generated families of trees are investigated. For rooted ordered trees, the calculations are done explicitly. Eventually, further feasible correlation measures are discussed.
1. Introduction. In combinatorial chemistry, so-called topological indices are used for the description of the structural properties of molecular graphs. Formally, such an index is a map from the set of graphs into the real numbers (usually integervalued). Typically, for a fixed number of vertices, the trees of maximal and minimal index are the path and the star respectively (or vice versa). A variety of graphtheoretical indices has been proposed for this purpose, and their connection to the physico-chemical properties of the corresponding molecules has been studied (cf. [19, 23] ).
The isomer-discriminating power, a measure for the ability of an index to distinguish between isomeric compounds, has been considered in the paper [15] , and there is also a large amount of literature on extremal and asymptotic properties of various indices, we refer to [3, 4, 11, 12, 16, 20, 22] .
However, it seems that there is no theoretical result on the correlation between the different indices yet. It should be quite natural to claim some strong correlation between them, since they all reflect the structural properties of graphs in some way. This paper tries to fill this gap a little by proposing measures for the correlation of two indices and discussing them.
The main part of this paper will deal with the asymptotic behavior of the classical correlation coefficient given by
Here, X n = X(T n ) and Y n = Y (T n ) are the X-and Y -index of a tree T n on n vertices taken uniformly at random from some family of trees -for simplicity, we will only consider rooted ordered trees in detail; however, the methods can be extended to other families of simply generated trees (such as binary trees, cf. [4, 17] ) quite easily. The asymptotic behavior of the correlation coefficient will give us a measure of the linear correlation of the indices X and Y . Other possibilities to define such a measure are discussed afterwards, but it seems that there is no possibility for a similar asymptotic discussion in these cases.
The indices that will be taken into consideration are the following:
(1) The Merrifield-Simmons-or σ-index is defined to be the number of independent vertex subsets of a graph, i.e. the number of vertex subsets in which no two vertices are adjacent, including the empty set. Merrifield and Simmons investigated the σ-index in their work [19] and pointed out its correlation to boiling points of molecules. (2) The Hosoya-or Z-index ( [8] ) is defined as the number of independent edge subsets (also referred to as "matchings"), i.e. the number of edge subsets in which no two edges are adjacent, including the empty set again. (3) The number of subtrees is called ρ-index in [19] and was discussed lately in a paper of Székely and Wang [22] . (4) The Wiener index is probably the most popular topological index (s. [3, 4, 26] ). It is defined as the sum of all the distances between pairs of vertices, i.e.
Section 2 will deal with the correlation of (1), (2) and (3). The Wiener index has another growth structure than the other three, so we need a different approach, which will be presented in section 3. Finally, we will take a look at some other statistical measures in section 4.
2. σ-, Z-, and ρ-index. The method to determine the expected values of these indices for rooted ordered trees on n vertices has been given in several papers [11, 12, 13] . However, for the sake of completeness, it is repeated here. It is well known that the generating function for the number of rooted ordered trees is given by the functional equation
which is an immediate consequence of the recursive structure of this family of trees. Now, consider the σ-index for instance. We want to determine the function
where the sum goes over all trees T and |T | denotes the number of vertices. Now, we distinguish between independent sets containing the root and those not containing it and denote the corresponding quantities by σ 1 (T ), σ 2 (T ). If T 1 , . . . , T k are the branches of the rooted tree T , it is easy to see that the recursive relations
hold. These relations can be translated to equations for the corresponding generating functions: if S 1 (z) is the generating function for the number of subsets of the first type and S 2 (z) the generating function for the number of subsets of the second type, we obtain
. . .
and in exactly the same way
3)
The asymptotic growth of the coefficients of functions satisfying algebraical equations of this kind can be determined by a standard application of the Flajolet-Odlyzko singularity analysis, which is discussed in several papers such as [1, 2, 5, 18] (sometimes, one can even find exact expressions by means of Lagrange's inversion formula; this is the case for this example (s. [11, 12] ), but we won't need the exact solution, which can be given as a hypergeometric sum). However, the details can be intricate, as will be explained in the following. Here, inserting yields
Bender [1] gives a general theorem dealing with functional equations of the type F (z, w(z)) = 0. His theorem states that, given a minimal solution (with respect to absolute value) (α, β) of the system
which lies within the region of analyticity of F and satisfies F z (α, β), F ww (α, β) = 0, the asymptotic behavior of the coefficients a n of w(z) is determined by
However, there is a slight mistake in this theorem, as was pointed out by Canfield [2] , and the method might give erroneous results. The theorem only holds true if α is indeed the radius of convergence of w(z) and the only singularity on the circle of convergence.
In the present case, we know from [7, Th. 12.2.1] (see also [2] ) that a singularity of an algebraic function w(z) given by a polynomial equation of the form
is either a zero of p 0 (z) (here, there is no such zero) or given by a solution of the system F (z, w) = 0, F w (z, w) = 0. Therefore, the common singularity z 0 of S 1 (z), S 2 (z) and S(z) = S 1 (z) + S 2 (z) nearest to the origin is given by the system of equations
. Using the formula for the number of rooted ordered trees on n vertices,
it is easy now to find out the asymptotics for the expected σ-index:
Similarly, for the Z-index, we have
where Z 1 (T ) and Z 2 (T ) denote the number of independent edge subsets containing resp. not containing an edge incident to the root. From this, we obtain the equations
for the respective generating functions. This system gives us the asymptotic expression for the average Z-index:
Finally, for the ρ-index,
where ρ 1 (T ) and ρ 2 (T ) denote the number of subtrees containing resp. not containing an edge incident to the root. Here, the system of equations for the corresponding generating functions is
All these results have already been given in a paper of Klazar [13] . Now, to find the covariances, one needs four generating functions connected by a system of equations. For the covariance of the σ-and Z-index, for example, we take SZ 11 , . . . , SZ 22 to be the generating functions for the product of the number of independent vertex subsets and independent edge subsets such that the root is contained in • the vertex and the edge subset,
• the vertex, but not the edge subset,
• the edge, but not the vertex subset,
• neither, respectively. The functional equations can be seen to be a combination of those for S 1 and S 2 resp. Z 1 and Z 2 :
,
.
For instance, the functional equation for SZ 11 is derived as follows:
Since all the functional equations can be written in polynomial form, it is possible to employ the method of Gröbner bases (cf. [6] ) and a computer algebra package such as Mathematica r (for details, see [24] ) to obtain a single polynomial equation from the system. In this case, we find that s = SZ 22 (z) satisfies the polynomial equation
, the smallest singularity of SZ is either a singularity of SZ 22 or a zero of SZ 22 . However, from the functional equation we know that SZ 22 has only one zero at z = 0, where the zero cancels out with the numerator. Therefore, we only have to find the smallest singularity of SZ 22 to apply Bender's theorem. Fortunately, things are still comparatively simple since we can bound the range of the singularity by an a-priori estimate.
Again, the leading coefficient of the polynomial equation is 1, so it has no zeroes. Therefore, the dominating singularity is a solution of the system F (z, w) = 0, F w (z, w) = 0 again. The solutions of this system can be found by the method of Gröbner bases as well -it turns out that a singularity z 0 of SZ must be a solution of
Now we note that, for trivial reasons,
|T | for all trees T . This shows that the coefficients c n of SZ are bounded by
so the radius of convergence of SZ lies in the interval . Thus we only have to search for a solution whose absolute value lies within this interval. There is only one such solution in this case, which is given by z 0 ≈ 0.0982673. Expanding SZ 22 and SZ around this singularity and applying Bender's formula yields an asymptotic expression for the expected product of σ-and Z-index:
Of course, the same way of reasoning can also be used to determine the other expected values E(σ n ρ n ) and E(Z n ρ n ) as well as the variances of all our random variables. All details (which are mostly analogous to the example) are given in [24] . Therefore, we only list all the asymptotics in Table 2 .1.
Now we can turn to the correlation coefficients. We see that
and conclude that the σ and ρ-index are positively correlated, whereas they are both negatively correlated to the Z-index. The correlation coefficient tends to zero as n → ∞, but very slowly. The constant factor as well as the basis of the exponential term can be used as a measure for the correlation. So we may claim that the closest correlation of the three is between the σ-and the Z-index.
3. Correlation to the Wiener index. The Wiener index has a different recursive structure than the indices discussed in the preceding chapter, and its growth is not exponential. Entringer et al. [4] were able to show that the average Wiener index is asymptotically K · n 5/2 for a simply generated family of trees, where K is a constant depending on the specific family. For rooted ordered trees, the constant K is √ π 4 . We repeat their argument here since it will be needed for the computation of the covariances. We are first going to consider an auxiliary value, D(T ), denoting the sum of the distances of all vertices from the root. This is also known as the total height [21] or internal path length [9] of the tree T . Then, we set
where the sum runs over all rooted ordered trees T again. The value D(T ) can be calculated recursively from the branches of T : in fact, if T 1 , . . . , T k are the branches of T , we have
where |T | is the size (number of vertices) of T . In terms of D(z), this gives
Now, the Wiener index of a tree can also be determined recursively from its branches:
where the last sum goes over all k(k − 1) pairs of different branches. Thus, if
we have . Now, we introduce various generating functions for the correlation of D(T ), W (T ) and σ(T ): let DS 1 , DS 2 , WS 1 and WS 2 be the generating functions for the product of D(T ) resp. W (T ) with the number of independent vertex subsets containing resp. not containing the root. In analogy to the functional equations for D(z) and W (z) we obtain a system of linear equations -for example, we have
Altogether, we obtain
(3.5)
We solve this system for WS 1 and WS 2 (which can be done explicitly in terms of S 1 and S 2 since the system is linear) and write the total generating function WS(z) = WS 1 (z) + WS 2 (z) in terms of S 1 , S 2 , S 1 , S 2 . Then we make use of the functional equations for S 1 and S 2 and replace S 1 (z) by
so WS can be written in terms of S 2 and z only. In fact, we have
where N is a polynomial in S 2 and z. The denominator only vanishes at 0 and at the dominating singularity 4 27 of S 2 . Therefore, we only have to expand WS around which gives us the expected value E(W n σ n ) by means of the Flajolet-Odlyzko singularity analysis [5] once again:
It was shown by Janson [9] that the variance of the Wiener index for rooted ordered trees is given asymptotically by
and thus the correlation coefficient of W n and σ n is
Similarly, we obtain
Again, the calculational details are given in [24] .
Some numerical values and their interpretation.
We have seen that in all the considered cases, the correlation coefficient was asymptotically of the form α · β n for some constants α and β. The significance of these constants can be roughly described as follows:
• A large value of α usually means a higher correlation for trees with few vertices.
• A large value of β means that the correlation decreases very slowly -thus, it is a measure for the correlation of the indices when the number of vertices is large.
When the correlation of σ, Z and ρ was considered, β depended on the growth of both indices. If the correlation was negative in these cases (which it was except for the correlation of σ-and ρ-index), the exact asymptotics of the expected value of their product were redundant for the asymptotics of the correlation coefficient. So, in order to exploit this piece of information as well, one should separately consider normalized values of the form
where X n and Y n are X-and Y -indices of random trees.
Further problems arise in the study of the Wiener index. Since the Wiener index only grows polynomially, β only depends on the expected value and variance of the second index. Again, one should also consider the coefficients given above separately. We have seen that they are of the same asymptotic order except from the constant factors, so one might use their quotient as a correlation measure as well. The following table gives the asymptotic behavior of these coefficients and their quotient: Table 4 .1 E(XnYn) and E(Xn)E(Yn) separated.
In any case, our approach will only yield us quantitative correlation measures; qualitative information on the correlation structure is not provided.
One can calculate the exact correlation coefficients for small values of n quite easily from the functional equations. In Table 4 .2, some numerical examples are given -note that the correlation coefficient only makes sense for n ≥ 4: for n ≤ 3, all trees are isomorphic.
We see that the correlation coefficient between σ-and Z-index is largest among those investigated in section 2. Likewise, the correlation to the Wiener index is highest for the ρ-index. This observation agrees with the asymptotic results of the preceding sections. The following plots (Fig. 4.1) suggest that the correlation is in fact very strong in both cases (much stronger than for the other pairs, which is quite remarkable), but not entirely linear, which is clear from the exponential growth of σ-, Z-and ρ-index (this phenomenon will be discussed in detail in the following section). The plots show the values of all trees with 12 vertices.
5. Other correlation measures. Unfortunately, there are some drawbacks in our approach. Apart from the obvious fact that asymptotic correlations might only hold for a considerably large number of vertices, the correlation coefficient principally measures linear dependence. But since the σ−, Z− and ρ− indices grow exponentially n r(σ n , Z n ) r(σ n , ρ n ) r(Z n , ρ n ) r(σ n , W n ) r(Z n , W n ) r(ρ n , W n ) 4 -1.000000 1.000000 -1.000000 -1.000000
1.000000 -1. with different growth rates, the dependence cannot be completely linear. Thus, it might be reasonable to study the correlation of their logarithms instead. The problem with that approach is the fact that generating function methods as presented in this paper will not be applicable any longer. The corresponding plot for the correlation of log σ n and log Z n (the random variables are rescaled in such a way that they are of equal order now!) suggests that it is reasonable to use a logarithmic transformation -it shows an almost linear correspondence ( Fig. 5.1 ). This suggests that a sharp inequality of the form f n (σ(T )) ≤ Z(T ) ≤ g n (σ(T )) (5.1)
should hold for all trees T on n vertices, where f n (x), g n (x) behave like negative powers of x, i.e. f n (x) ∼ a 1 (n)x −c1 , g n (x) ∼ a 2 (n)x −c2 . However, it is not difficult to construct discordant pairs of trees, i.e. two trees T 1 , T 2 such that Z(T 1 ) > Z(T 2 ) and σ(T 1 ) > σ(T 2 ).
This leads us to an alternative method of measuring correlation -the use of rank statistics (cf. [10, 14] ): given two indices X and Y , we assign ranks x i and y i to all trees T 1 , . . . , T s on n vertices such that x i and y i range from 1 to s and x i < x j if X(T i ) < X(T j ) resp. y i < y j if Y (T i ) < Y (T j ). Then, a correlation measure is given by Spearman's ρ:
which ranges from −1 (perfect negative correlation) to 1 (perfect positive correlation). Unfortunately, even though rank statistics are an interesting means of measuring the statistical dependence of random variables, it seems virtually impossible to apply them to our problem, since generating function methods are not apt to the treatment of ranks. It seems that rank statistics can only be applied to our problem if the number of vertices is considerably small, so that everything can be calculated explicitly.
Another problem with them is the occurrence of ties -all the random variables under consideration are discrete, and the number of trees grows larger than the maximal index in all our cases, so ties (i.e. several non-isomorphic trees of the same index) are inevitable. There are statistical methods to cope with this problem (cf. [10, 14] ) -usually, if ties occur, the average rank is allotted to all tied elements. This method is used in the examples at the end of this section.
The problem of ties leads us to our final remark. The methods of this paper easily generalize to all simply generated families of trees. However, one would like to apply them to unordered rooted trees or trees (so one can take isomorphisms into account).
